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A Transient Heat and Mass
Transfer Model of Residential
Attics Used to Simulate Radiant
Barrier Retrofits, Part I:
Development

This paper describes a transient heat and mass transfer model of residential attics.
The model is used to predict hourly ceiling heat gain/loss in residences with the
purpose of estimating reductions in cooling and heating loads produced by radiant
barriers. The model accounts for transient conduction, convection, and radiation and
incorporates moisture and air transport across the attic. Environmental variables,
such as solar loads on outer attic surfaces and sky temperatures, are also estimated.
The model is driven by hourly weather data which include: outdoor dry bulb air
temperature, horizontal solar and sky radiation, wind speed and direction, relative
humidity (or dew point), and cloud cover data. The output of the model includes
ceiling heat fluxes, inner and outer heat fluxes from all surfaces, inner and outer
surface temperatures, and attic dry bulb air temperatures. The calculated Sfluxes have
been compared to experimental data of side-by-side testing of attics retrofit with
radiant barriers. The model predicts ceiling heat flows with an error of less than ten

percent for most cases.

Introduction

Year-long simulations of attic performance are important for
determining the effects of design changes as well as retrofits
on energy usage. Of special importance is the retrofit of install-
ing radiant barriers inside attic spaces in combination with the
existing attic insulation. Radiant barriers are thin metal sheets
(usually aluminum) characterized by having at least one low
emissivity surface (less than 0.05). Radiant barriers have re-
ceived increased attention during the past decade because of
their potential to reduce the radiant heat (from attic decks and
gable ends) absorbed through the ceiling in a residence. Alumi-
num is used because it is inexpensive and because its surface
is covered with a layer of a transparent oxide which protects it
from the atmosphere and allows it to maintain its emissivity
value unchanged for long periods of time. Engineering and
economic models are needed to better understand the physical
phenomena affecting the performance of radiant barriers as well
as 1o make accurate economic assessments of savings produced
by them. The success of any modeling effort depends upon the
accuracy of the model, and the accuracy of the model depends
on how well it captures the heat and mass transfer processes
that occur in the attic.

The heat transfer in attic spaces is transient. The performance
of attic systems is driven mainly by solar loads on the outer
surfaces, outdoor temperatures, and wind which flow around
the structure and vary throughout the day (Fig. 1). Therefore,
in attic systems, all modes of heat transfer (transient conduction,
natural and forced convection, and radiation) are present. In
addition to the heat transfer problem, attics have an inflow
and outflow of ventilating air and moisture which affect their
performance. A model was developed which allowed instanta-
neous sensible and latent cooling and heating loads to be calcu-
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lated based on energy balance equations written for each enclos-
ing surface and for attic air layers. These equations were written
in terms of unknown temperatures based on heat transfer pro-
cesses (conduction, convection and/or radiation) which used
previous temperatures and heat fluxes as well as physical de-
scriptions of the attic components (X-Y-Z response factors).
The model drew upon previously reported methodologies by
Wilkes (1989, 1991) and Peavy (1979). A novel feature added
by this model is the calculation of solar loads on all outer
surfaces as a function of geographic location, house orientation,
surface inclination, day of year, and hour of day. Earlier work
assumed solar loads were independent of surface inclination. In
addition, attic air stratification effects were incorporated instead
of assuming that the attic air exists at one single temperature
as referenced methodologies assumed. ‘

Model Development

The attic used in the development of the model was a five-
sided symmetrical attic composed of two pitched roof sections,
two vertical gable-end sections, and one horizontal ceiling
frame. The model followed the reasoning that at any attic sur-
face, the heat flux entering through one side was equal to the
heat flux leaving the opposite side plus the heat stored within
the structure. For example, for a roof section facing the sun,
the radiation heat flow from the sun minus the re-radiated flow
from the roof minus the fiow convected to the outdoor air was
exactly balanced by the conductive flux leaving the roof section
into the attic interior plus the heat stored within the attic deck.
Equally, the conducted heat and the heat stored were balanced
by the flow convected to the attic ventilating air plus the net
radiation loss from the interior surface of this component. Thus
for any surface, the heat balance equation was

Qconduciea(ioromy + Heat Stored + Oonvected to/from)

+ Qrdimcatnery + Quatent(condensationsevaporstiony = 0 (1)
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gg{):?,lénsgn, 196';5;7175quati0n (1) was e;cprcssed as

NS NS
2 yiJ( Tsispa-; — Tr) - Z Xi T80 na-j — Tr)
j=0,j=I j=0:j=1
+ CR:gsipa-1y + h0i (Tars — T50; 00)
+ hroi(Tagran — T50ina) + ago,; =0 (2)

for attic exterior surfaces, and as

NS ) NS _
2 Zi.j(TSii.nA—j -7Tr)y - Z yiJ(Tsoi.nA—j - Tr)

j=0.j=\ Jj=0,j=1

+ CRiqlina-1y + hi;i (Tsiin — T asic sirns)

+ Z hri,-,k(Tsi,-‘,,A -

keli=1

TSikmA) + q::nlcnl.i = 0 (3)

for attic interior surfaces, where

dure used to determine the heat fiuxes at the surtaces
layer components is used. A process of combination
layer response factors is repeated as many times as the
of layers in a multilayer wall. Equations (4) and (5) %
to estimate the response factors when the index n
larger. Equations used to estimate X,, Y,, X;and Y, are
in the Appendix. ’

Conduction Heat Transfer. Conduction heat tr
attics occurs at all bounding surfaces and is a transient
ena because the temperatures on all surfaces vary w
For simplicity, each of the bounding surfaces of the
approximated as one-dimensional transient conductiol
This approximation simplified the conduction problem
valid under most circumstances unless metal framin
metal supports were simulated (residential attic stru
most instances, do not use metal framing nor metal s
Heat fluxes were estimated using

kP2 o yw' = 2ym+ vo!
X, = —=— |5 4
laA[ 5 2 (4)

T

m=1

jm0,j=1

3 2
BNNEY
T

mal

Ym

According 0 Mitalas and Stephenson (1967), the response
factors X, ; and Z, ; are the same. This is because of the symme-

“nj

try of the slabs used to derive these factors. The multilayer walls
found in building applications aré assumed to be composed of

Nomenclature

x —15\m a+! __ n n=1
(=H"(ym m27m+7m )] ()

= e(-m’ﬁ(umﬂn

NS
Geond.out = Z Yii Tsi; na-j — Tr)

,

N.§ ’
- X X; (Ts0iun—; — Tr) + CRiqoim

j=0.j=]

for outgoing heat flux, and

(6)
qcund.in =
j=0.j=1

NS
Z Z; (Tsi;pp-j — Tr)

N.S
- X Y, (T$0;na-; — Tr) + CRiqiiim

i=0.j=1

A = surface area
B = radiosity
a, b, c, d, e = constants
C, = specific heat at constant
pressure
CR = common ratio
D, = mass diffusivity
EW = equivalent width
F = shape factor
G = radiation coefficient
h, hi, ho = heat transfér coefficient
hy, = latent heat of vaporiza-
tion
hri, hro = radiation heat transfer co-
efficients :
HRB = horizontal radiant barrier
I = irradiation :
k = thermal conductivity
1, L = length, characteristic
length
m = mass flow rate
n = cloud cover fraction, in-

dex. )
Nu = Nusselt number
P = pressure

Perm = permeability

Pr = Prantl number

@ = heat flow, volumetric
flowrate

q" = heat flux

.R = thermal resistance

Ra = Rayleigh number

Re = Reynolds number
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T = temperature
t = time
Tr = reference temperature
TRB = truss radiant barrier
Tsi = inside surface temperature
Tso = outside surface temperature
4 = moisture content of wood
V = velocity
W = width
w = humidity ratio
X, Y, Z = response factors

Greek Symbols

o = thermal diffusivity, solar
absorptivity

p = volumetric expansion, tilt
angle

x = radiation matrix

6 = kroneker delta, declination
angle

A = time increment

¢ = thermal emissivity

¢ = angle, latitude, relative
humidity

I' = cloud emissivity factor

v = surface azimuth angle

u = dynamic viscosity

v = kinematic viscosity

7w =3.141592

¢ = incidence angle

p = density

o = Stefan-Boltzman constant
T = time -

1 = emissive power
w = hour angle
¢ = inverse of x mat

Subscripts
0, 1, 2, ... = time denoting int
' (response factors
amb = ambient conditio
b = beam
cond = conductive
conv = convective
. d = diffuse
D1, D2 = deck sections
dp = dew point
f = attic floor
F = forced
G1, G2 = gable sections
HOR = horizontal
i = denotes surface,
indoor condition
J = denotes time, inc
k = denotes surface
N = natural
nA = time step
o = outdoor conditio
rad = radiative
= wood
x = local

Index

N = Number of surfz
S = Number of time
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Fig. 1 Attic heat and mass transfer processes

for incoming heat flux. Equations (4) 'through (6) describe the
parameters used in Eqgs. (7) and (8).
Wood joists were accounted for in the estimation of the X,

Y, and Z response factors. This was accomplished via area .

weighted values for the conduction parameters. In the *‘Valida-
tion Section’’ (accompanying paper, Part II), measured heat
fluxes also-accounted for wood joists as part of the ceiling
frame.

Convection Heat Transfer. Attic ventilation is used to re-
"duce excessive attic temperatures during the summertime and
to lessen moisture accumulation during winter. At every surface,
convection heat transfer can be significant. In this model, attic
ventilation was simulated as forced ventilation. During a typical
summer day, heat is transported away from outer surfaces by
convection to the wind which flows around the structure, also
the attic ventilating air carries away heat which otherwise would
end up in the conditioned space. Convection in attics is mixed,
meaning that both the effects of buoyancy forces as well as the
effects of forced flows are present. Convection in attics can be
laminar or turbulent, depending on the conditions present at a
particular surface in question. Churchiil (1977) proposed that
the local Nusselt number in mixed convection be a combination
of the local Nusselt number for forced convection and the local
Nusselt number for natural convection for the same geometry.
In equation form,

Nuj = Nuj + Nuy. 9)
Chen et al. (1986) suggested that Churchill’s correlation
could also be applied to the average mixed convection Nusselt

number if the local quantities in Eq. (9) were replaced by
average quantities, thus giving

Nu” = Nu} = Nu¥,

(10)
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where the value of n used was 3. Note that the model had no
need to handle the negative sign of Eq. (10). Each possible case
scenario (i.e., heat flow up or heat flow down) was modeled
separately; therefore, in all cases the forced convection and
natural convection Nusselt numbers were additive. Nusselt
number for external flow over a surface was calculated using

Nuy = Fkﬁ = 0.664 Re'/? pr'”?

" (Pr=0.6,Re =5x 10% (11)

for laminar flow, and

‘Nuy = (0.037 Re** — 871) Pr!”?

(0.6 = Pr=60,5% 10° = Re = 10%) (12)

for turbulent flow. These correlations were used regardless of
the orientation of the surface. However, different correlations
in both laminar and turbulent regimes were used when dedling
with natural convection depending on the surface orientation.
Natural convection correlations vary for laminar or turbulent
regimes and depend also on orientation as well as whether the
surface is being heated or cooled. For a hot attic floor when
losing heat to the ventilating air (summer and winter case),
and for a cold ceiling being heated by the indoor air (winter),
the following equations applied:

Nuy =.0.54 Ra'* (10* < Ra = 107) (13)

Nuy = 0.15Ra'® (10" < Ra = 10"). (14)
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For a cold attic floor gaining heat (summer mornings), and for
a hot ceiling losing heat to the indoor air (summer conditions),

Nuy = 0.27 Ra'’* (10° = Ra = 10"). (15)
Equations (11) through (15) were obtained from Incropera and
DeWitt (1981). For the triangular end-gables regardless of heat
flow direction, the following equation was applied (Churchill
and Chu, 1975):

0.670Ra'’
0492 9716 7)4/9
1+ [ =
(5]

For the attic deck and roof sections which are neither horizontal
nor vertical, the correlations (Peavy, 1979),

Nuy = 0.68 + (0=Ra=10%. (16)

1.393(AT)'?

hy = s 17
¥ 7.333 — cos (¢) (7
for heat flowing up, and
173
by = 0.2613(AT) (18)

for heat flowing down were used. In Egs. (17) and (18), AT
was the temperature difference between the surface and the air
flowing next to it, and ¢ has the angie between the horizontal
and the roof section. Under the forced ventilation arrangement
(soffit/gable), it was assumed that ambient air entered the attic
at a low point, flowed across the attic floor, and rose to the top
of the attic (Fig. 2). This assumption is consistent with the fact
that hotter air is lighter than colder air, and therefore, would
rise, while colder air would travel along the floor of the attic.

. The energy gained by the ventiating air as it traveled across

the length of the attic floor was described by

dar

Gy = = Wihoo(T; — T) (19)

where W;is the width of the attic. Equation (19) was rearranged
to solve for the temperature of the attic air. It yielded

Tiowsr T f* :
—_— = dx
f (L=-1T) Jo"

Tambient

(20)

where

W hcon
= .L“’_ 21
e,
and T\ ow i Teferred to the temperature of the attic air adjacent
to the attic floor after the incoming air had traveled the entire.
distance of the attic length. This temperature was obtained from

Eq. (20),

Tbnw:ir = T/ + (Tambiem - Tf)e—m, (22)
where Tombiem Was the temperature of the entering air. Note that
for the integration of Eq. (20) to be carried out, it was assumed
that the convection coefficient () did not vary with distance
along the length of the attic. The average air temperature of
this air layer was calculated by integrating Eq. (22),

1 xmf
Tbowair(-vg) = z J:-o TLowlirdx
(Tnmbienl - 7}) ~-nL y
=T+ ————=(1 - ™), 23
s oL (I =€), (23)
and the maximum temperature was given by
TLowaiv(max) = 7} + (Tlrnhicm - T])e..m:.- (24)

Moreover, attic air is usually stratified. Cold air flows along
the bottom of the attic’ while hotter air flows along the top.
To account for air stratification, the preceding derivation was
extended to account for air traveling upward and flowing across
the attic structure. Equation (19) was rewritten as

dTli; .
mC, — = EWp\heony 01 (Tor — Tui)
dy .

+ EWphcony 02 Tz — Tie) + EWGIh:ov_lle(TGl = Ty
+ EWgheonv6a( T2 — Tur)  (25)
where EW referred to an ‘‘equivalent width'" of- attic compo-

nents. Note that the equivalent width of the deck section was
the length of the attic while the equivalent width of the end

-gables was the width of the gables. The subscripts D1 and D2

represent the deck section 1 and deck section 2, respectively.
Similarly, subscripts G1 and G2 represented gable-end section
1 and gable-end section 2, respectively. The attic air temperature
distribution at any level from the fioor up was also developed

T N

IR
\

~

X

Fig. 2 Airflow pattern used in the simulation of attic ventilation
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following the same analogy used in Egs. (20)-(22), which
resulted in .

A .
Tnir = '): + <TLow1ir(max) e —>e_"‘ (26)
L L
¢ =1p1+ M2 + o1 + Ne2 »(27)
A = o1 Tpy + Mo2Toz + NaiTar + NeTer (28)
EW e
= Zlalom: 29
> C, (29)

where the asterisk, *, was replaced by the corresponding sub-
script (D1, D2, G1, or G2) for the corresponding section. The
maximum attic air temperature (exit temperature) was given

by

A . A
Tair(exil) =—-+ (Tl.ownir(mlx) - I)e_LH (30)

[

where H was the distance from the top of the lower attic air
layer to the bottom of the attic deck. The average attic tempera-
ture was then

A i A -
Tiireavg) = ’L’ + I‘Z_l: (Tuwnir(mu) - 'Z)U - e”#¥). (31)

Radiation Heat Transfer. Radiation heat transfer within
the attic space was handled using radiation enclosure theory.
The major assumptions were that attic surfaces were isothermal,
gray, and diffuse. The gray-body assumption was a reasonable
assumption because both the emitted and the incident radiation
were confined to the same wavclength range (infrared), and in
attics the spectral emittance is. relatively constant within this
range. The diffuse assymption required that all radiation emitted
and reflected from any attic surface be diffusely distributed.
In attic structures, both the emitted and reflected radiation are
indistinguishable and there was no need to separate them. This
assumption enabled the calculations to be based on radiosities.
Radiosities are uniform along the surface when the surface is
isothermal. The fact that radiosities are uniform along any attic
surface made the view factors independent of the magnitude
and surface distribution of the radiant energy flux. Attic radia-
tion view factors were calculated from and to each surface.
The calculations of attic view factors were performed for each
surface by first setting F;; equal to zero because there were no
self-viewing surfaces. Second, the view factor between two flat
rectangular planes having a common edge were calculated using
the relation by Hamilton and Morgan (Hamilton and Morgan,
1952). The rest of the view factors were derived from view
factor algebra. To be able to use the principles of matrix algebra
as well as the restriction placed upon by the derivation of the
response factors (boundary conditions must be linear), radiation
heat transfer was approximated linearly. In the case of hour-
by-hour simulation, the same enclosure had to be solved again
and again for different sets of surface temperatures. Sparrow
and Cess (1970) proposed a method in which the governing
equations were solved only once, regardless of how many times
the thermal boundary conditions were altered. The net radiation
heat transfer flux between any two surfaces was calculated as
follows (after Sparrow and Cess, 1970; Wilkes, 1991); starting
with

s
Z XijB; = Q

Jj=1

Il=i=S$§ (32)
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in which

§iy— (1 — &)F;
Xij = _J(___ei_f_)__i (33)
and
QU =oT! (34)
1 if i=j
by = (35)
0 if i=+j

where B was the radiosity and S the number of surfaces. The
coefficients x; ; and the term §2; were known constants ( previous
temperatures were used in £; which were updated as the solu-
tion converged to new values of 7). Upon evaluating Eq. (33)
for surfaces, an S-by-S array of numbers was formed giving

X1 X2 Xis
X = st.l st.z st.r (36)
Xt Xa2 Xsu
The inversion of matrix x provided the matrix ¢
'l’l.l lﬁll l/’I.t
g=x = Y Y2z Yas (37)
'l’s.l ¢'s.2 ‘l’u

and by employing the coefficients i, ;, the following equations
were written:

Graatiyy = Hrady; (T; — T)) V(38)
whgre
Hrady; = Giyo(T} + TIHT + T)) (39)
and ‘
Gy = v (40)

l—e,

where H rad;; used previous v‘alues of temperatures. For the
net radiation on the outer attic surfaces to the sky and surround-
ings, H rad; ; became

H rad; yi= € .0m0( T?.bul + TZkyIsurr)(Ti.o\n + Ts,k.y/surr) , (41)

where the subscripts *‘i, out’’ referred to the outer surface of
surface i and Ty, referred to the temperature of the sky and/
or surroundings. That is, it was assumed that the roof sections
radiated to the sky while the end-gables radiated to the surround-
ings.

Solar Radiation on Attic Outer Surfaces. The driving
force responsible for increasing the temperature of the shingles
to a range of 65 to 75°C (~150 to 167°F) is solar radiation.
This energy is eventually conducted through the roof sections
and later radiated from the attic deck to the attic floor. Therefore,
this is one of the major energy sources responsible for increasing
the space cooling load of the residence. Radiant barrier systems
have the potential of preventing most of this energy (from the
attic deck ) from being transferred to the attic floor. Solar radia-
tion on attic surfaces (or ‘‘tilted’’ surfaces) is seldom measured,
but the global radiation on a horizontal surface is measured at
most weather stations around the country. The solar radiation
on a horizontal surface was used to estimate the solar loads on
inclined attic surfaces. Both the beam (or direct) component as
well as the diffuse component were separated so that the direct
component of global radiation could be multiplied to the respec-
tive angles describing the orientation of the surface and its
relationship to the sun (Duffie and Beckman, 1980). To sepa-

Transactions of the ASME



rate these component, the load ratio of hourly diffuse to hourly
total global radiation as well as the ratio of hourly total global
radiation to hourly extraterrestrial radiation on a horizontal sur-
face were estimated. All solar calculations were performed us-
ing true solar times using longitudes and standard meridians for
the local time zones. The total radiation on an inclined surface
was found, using

Iurep = I + Ry, (42)
where
cos (8)
= —" 43
* "~ cos (6,) (43)

cos (@) = sin (8) sin (¢) cos (B)
— sin (8) cos (¢) sin (B) sin ()
+ cos (6) cos (@) cos (B) cos (w)
+ cos (8) sin (¢) sin (B) cos () cos (w)
+ cos (6) sin (B) sin () sin (w) (44)
and
cos (f,) = sin (§) sin (¢) + cos (6) cos (¢) cos (w).

Net Sky Radiation From Attic OQuter Surfaces.
radiation heat transfer between attic outer surfaces and the sky
is important during nighttime periods because under some con-
ditions, this radiation can be the dominant mode of heat transfer.
The study of infrared heéat transfer between building surfaces
and the sky, however, was handled using approximate relations
because of the relative difficulty associated with obtaining accu-
rate ‘‘sky data.”’ The method used to calculate sky temperature
was from Martin and Berdah] (1984) who calculated Tq4, as
follows: ' '

(45)

Tiy = Tovieml €0 + (1 + €,)C1'" (46)
Y .

0.711 +056I< 'r,,,) +0.73 (T4 )
= ) . - B . ——
& : \100 (100

!
+ 0.13 27 — 4
cos[ 1r24] 47)

C = ne I’ (48)

where n is the fraction of the sky hemisphere covered by clouds
and ¢, was the hemispherical cloud emissivity, and I" a factor
depending on the cloud base temperature.

Moisture Transport in Attic Structures. In humid cli-
mates, one of the major loads during the cooling seasons is
from moisture transport. In winter, it is the condensation of
moisture on the cold surfaces which creates changes in surface
temperature and heat fluxes which cannot be estimated correctly
under a ‘‘dry’’ air assumption. Moisture is also important in
predicting degradation and deterioration of attic structures as
well. Latent effects stem from various sources including mois-
ture migration within structures, moisture transport by the venti-
lating air, as well as moisture adsorption/desorption at the inte-
rior surfaces. In this model, latent effects were incorporated in
a steady-state fashion via a condensation/evaporation theory
supplemented with suggestions from Burch et al. (1984),
Cleary (1985), and Wilkes (1989). A steady-state moisture
balance on the attic was written as

s v
Z Ai Permi (Pu.i - Plllic nir) = Quirpnir(wnuiu uir T

surface i

w,)

S
+ E Aihw.i( Wattic sir — Ww.i) .

suriace +

(49)
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In Eq. (49), the first term on the left-hand side is the rate of
moisture transfer by diffusion through the attic components.
The first term on the right-hand side is the moisture transfer by
exchange of attic air with the outdoor air and the last term is
the moisture loss/gain by adsorption/desorption of water vapor
at wood surfaces. Equation (49) can also be written in terms
Of Watic 2ir 8

S
Watiie air
A[PCm;Pm D — _Pai
sur%oei * (0‘622 + wmicair) ¢ ’
s .
+ Z Aihw.i(wluic air ww.i)

surface i

+ Q:irpnir( Watic air ™ wn) = 0. (50)

This expression was solved iteratively for wuge 4. In Egs.
(49) and (50) the mass transfer coefficient, A,,;, was calculated
using the Chilton-Colburn analogy (ASHRAE, 1989) between
heat and mass transfer, the mass diffusivity term found in the
Chilton-Colburn  analogy was estimated using Sherwood’s
(1952) relation. In Egs. (49) and (50), the wood humidity ratio
was estimated using the following relation by Cleary (1985):

Wy = T (b + cu + du® + eu®)

a = 15.8°C (28.6°F)
b = -0.0015 (-0.000498)
c =0.053 (0.0172)

d = -0.184 (~0.060)

e =0233 (0.076) (51)

- where u was the weight of water divided by the dry weight

of wood. Once the attic air humidity ratio, the mass transfer
coefficient, and the wood humidity ratio had been calculated,
the latent load was obtained using

(52)

Ot = i (Wagic air — Wi )h[gt

where hy, is the latent heat of vaporization of water.

Conclusions

This paper describes the development of a transient heat and
mass transfer model. This model predicts hourly heat fluxes and
surface temperatures in attic structures of residences. Further
modifications must be made to accommodate retrofit cases. The
model captures the relevant processes such as transient conduc-
tion, convection and radiation and incorporates others like mois-
ture and air transport across the attic. Solar loads on outer attic
surfaces and sky temperatures are also estimated. In addition,
the model uses an attic air stratification pattern technique which
is used to estimate attic air temperatures. The validation of
the model with actual experimental data and simulations are
presented in Part II of this paper.
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APPENDIX

Estimation of X,, X;, ¥,, and Y, was performed using the
following equations:
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